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ABSTRACT: We investigate how the presence of RR magnetic F), o fluxes affects the energy
of classical Dp branes, for specific string theory supersymmetric backgrounds which are
solutions to the leading order in o/ including back-reaction effects. The Dp brane dynamics
is found to be similar to the well known dynamics of particles and strings moving in
magnetic fields. We find a class of BPS solutions which generalize the BPS fundamental
strings or BPS branes with momentum and winding to the case of non-zero magnetic fields.
Remarkably, the interaction with the magnetic fields does not spoil the supersymmetry of
the solution, which turns out to be invariant under four supersymmetry transformations.
We find that magnetic fields can significantly reduce the energy of some BPS strings and
Dp branes, in particular, some macroscopic Dp branes become light for sufficiently large
magnetic fields.
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1. Introduction

Flux compactifications in string theory stabilize the moduli and presently provide the
main framework to connect strings to the real world [, f]. The fluxes induce a non-
trivial potential energy for the moduli. In addition, the fluxes can significantly affect the
energy spectrum of some quantum states. The precise modification of the energy of a
given quantum state depends on the particular string compactification, but there are some
general features which are part of the well known physics of particles interacting with
magnetic fields. In quantum theory, the energy of a state with electric charge e and spin
S moving in a magnetic field is given by the formula

1
EQ:kf—i—QeBz(l—i—i—Sz), 1=0,1,2,..., —-S<Sz;<8§. (1.1)

For states with spin aligned with the magnetic fields, the energy is reduced and the state
can even become tachyonic for certain values of the magnetic field, leading to instabilities.

A natural question is whether analogous instabilities could be present in superstring
theory in spaces containing NSNS or RR magnetic fluxes turned on in some directions. In



the context of type II string theory, there are exactly solvable models where the magnetic
field originates by Kaluza-Klein reduction from the metric or from the antisymmetric tensor
B, [Bl. These models include gravitational back reaction effects due to the energy density
of the magnetic field, and exhibit tachyonic instabilities for magnetic fields greater than
some critical values [J—f].

It is possible to consider similar closed string models with magnetic field configurations
that preserve supersymmetry [f]. In this case the physical string spectrum is tachyon free.
Nevertheless, one can expect that for certain values of the magnetic field, the energy can
be significantly reduced due to a negative contribution from the gyromagnetic interaction,
so that a macroscopic string of size > [, can even become light, £ ~ 7', In this paper we
will show that this is indeed the case and study the analog phenomenon for Dp branes. To
this aim, we will consider a string-theory background with a RR magnetic F), o flux which
is obtained by S and T-dualities from the magnetic background found in [f].

This background has two magnetic parameters By, Bs. When B; = Bs, the back-
ground preserves 1/2 of the 32 supersymmetries. We will find classical string and Dp
brane configurations becoming light for certain values of the magnetic field parameters
By, By. Remarkably, these solutions are BPS, despite the interaction with the magnetic
field. The solutions preserve a fraction 1/4 of the 16 supersymmetries of the background
and therefore are invariant under 4 supersymmetry transformations.

Studies of Dp brane classical solutions in flat space can be found for example in [ff] and
more recently [§. Different studies of the conditions to have supersymmetric Dp branes in
some supersymmetric compactifications with Ramond-Ramond (RR) fluxes are in [ [LT].

The organization of this paper is as follows. In section 2.1 we review the string spectrum
in a particular flat (but globally non-trivial) background which gives rise to a magnetic
field by Kaluza-Klein reduction; we recall the supersymmetry properties of the background
and the presence of tachyons when supersymmetry is broken (the main points of this
quantum analysis are reviewed in the appendix A). In section 2.1.1 we identify BPS states
for the supersymmetric background with By = Bs. In section 2.2 we construct a family
of classical solutions which corresponds to BPS states by solving the classical equations of
motion. In section 2.3 we show that these classical solutions indeed preserve a fraction of
supersymmetry, by using both cartesian and polar coordinates. In section 3.1 we study the
background obtained by a T-duality transformation; this background contains explicitly
a By, field and the metric is curved due to the back reaction produced by the magnetic
energy density. The spectrum, and in particular the BPS states, are obtained from section
2.1 by the standard T-duality rules. In section 3.2 we consider a family of classical solutions
corresponding to the BPS states by solving the classical equations in the background of
section 3.1 by using the Polyakov formalism. In section 3.3 we repeat this computation
using the Nambu-Goto formalism; this is done in preparation for the study of classical
Dp-branes solutions, whose dynamics is governed by the Dirac-Born-Infeld action. In
fact, in the case of the Dp-branes, studied in section 4, the method and the various steps
for obtaining the solutions will be seen to be essentially the same. We find a family of
BPS classical solutions, the energy spectrum being a generalization of the BPS spectrum
in the magnetic background discussed in section 3. One important feature of the result



is the presence of light states which have macroscopic features. This result is further
discussed in section 5. Finally, in the appendix B we consider another family of classical
F-string solutions in the background of section 3 (or, equivalently, D-string solutions in the
background of section 4). These solutions, although not BPS, are nevertheless interesting
because they generalize to a non-flat background with fluxes the widely studied case of the
folded rotating string.

2. Fundamental string in magnetic backgrounds

2.1 Magnetic fields from Kaluza-Klein reduction

We shall consider a simple magnetic string model given in terms of the background [f]
ds® = —dt® + da? + dy* + dr? + ri(dpy + Bidy)? + dr3 + r3(dps + Bady)?, (2.1)

where all other supergravity fields are trivial and s = 6,...,9. This is an exact conformal
string model, since the metric is flat. It is globally non-trivial, due to the fact that y is a
periodic coordinate, y = y + 27 R.

The background preserves 1/2 of the 32 supersymmetries provided

B, = +B, . (2.2)

The string model is a simple generalization of the non-supersymmetric string model with
By = 0 that was solved in [f]. The exact physical string spectrum is found in a similar way
and it is given by [g]

m2R?
al

2
n
o’ M? = Q(NL —{—NR)—F(MI(E — ByJq —BQJ2> +

2.3
— QBlRm(JlR — JlL) — 232Rm(J2R — JQL) , ( )

NR—NL:mn,

where By and By are in the interval 0 < 719 < 1, 712 = B12Rm. For other intervals
the spectrum is repeated periodically in the parameters ;2 with period 1. The angular
momentum operators for the two planes (r1, 1) and (r2, p2) are given by

1
J=Jr+Jp, Jr.r==* <lL,R + §> +SLR, (2.4)

where for the sake of clarity we omitted the obvious indices 1,2. Ny r = 0,1,2,.... are
the standard excitation number operators of flat-space type II superstring theory and S, r
are the standard Left and Right contributions to the flat-space spin operator (the main
points of the derivation are reported in the appendix A, see [[]] for details). The parameters
Il r =0,1,2,... are orbital angular momenta (Landau numbers). The parameters m,n
represent winding and momentum in the y direction. If there are other compact coordinates
among the x,, then their winding and momentum contributions to the energy is added in
the standard way as in the flat case. The spin operators satisfy the inequalities

|Si,r+ S2r.r| < Npp+1, |SiL,r — Sor.r| < Npp+1. (2.5)



One finds that M? > 0 for By = +Bj (see appendix A), but The spectrum contains
tachyons in some regions of the parameter space [B, fi], if B # 4 Bs. For example, consider
a state with the following quantum numbers:

Nr=Np =0, Sip=-51r=1, Spgr==5yu=0,

(2.6)
lipr=1lkrr=0, m=1, n=0,
sothat J1 = Jo =0, Jir—Jir =1, Jor — Jor, = —1 and
A 12 R2
o' M = ? - 2(B1 - BQ)R . (27)

The state becomes tachyonic for By — By > R/(2a). In the case By = Bs, the full spectrum
is tachyon free for any Bj, consistently with supersymmetry.

Another example is a state classically identical to the BPS state discussed below, see
sections 2.1.1 and 2.2. In appendix A we show that, for instance for By = 0, this state
can have M? < 0 in some parameters range. For By = Bj (taking here both positive)
the positive zero point energy of the Landau levels in the plane 2 (a quantum effect of the
sigma model) insures that M? > 0.

Therefore the classical analysis, that would give M? as a sum of contributions >
0, is not enough to guaranty the absence of tachyons, if supersymmetry is completely
broken. However, this occurs when in parameters regions where the classical result for
the mass is microscopic, that is of the order of the inverse string length or of the inverse
compactification radius.

Most of the present paper is devoted to the study of states having macroscopic features
but microscopic mass. Those are precisely the cases which could give rise to tachyonic
instabilities, if they are not protected by supersymmetry.

In [3, the D brane spectra in the background (R.1]) has been determined by using
the boundary state formalism, exhibiting a number of interesting features (the orientifold
spectrum was studied in [[4]). In section 4, instead, we will be interested in studying
Dp branes not in (R.1]), but in backgrounds containing Fj,io fluxes, which are obtained
from (P.1) by dualities. The spectrum, and the physics in general, are clearly different in
each case, the former [[3, [[J] being analogous to a neutral particle (or zero-winding string)
moving in the geometry (2.1) (and on the curved-space generalization discussed in section
3), whereas the latter (section 4) involves a physics which is similar to that of a charged
particle moving in a magnetic field.

2.1.1 BPS states

In the By = Bs = 0 case, an important class of quantum string states are the BPS string
states with [[[5]
N =0, Nr=mn . (2.8)

Then M? becomes a perfect square:

R+ o

o’ Mgpg =2mn+d — + —— =«

n2 m2R2 n  mR\
£ R () o5



or

n . mR
R of
Note that mn = Ny > 0. When mn < 0, there are BPS states with Nz =0, N, = —mn

for which

Mpps = (2.10)

n_mR

R o

We now look for similar supersymmetric states in the presence of magnetic fields By, Bs.

mR
/

Mpgps = - (2.11)

_wq+
IR

We will restrict to the case By = By = B where the background preserves 16 supersym-
metries. The state (2.§) has the energy
2 2 2
n m°R
o M? = 2mn+o/ﬁ +—
+ o/ B3(Jy + Jp)? .

— QBO/%(Jl + Jo) = 2BmR(Jig + Jor — J1iz — Jor)
(2.12)
This becomes a perfect square if J; + Jo = J1g + Jog — J11, — Jor, i.€.,
SlL+SQL:—1—llL—lgL . (2.13)

Since Ni, = 0, Sy 2r can be zero or +1 and |Siy + Sor| < 1. This implies l1;, = lof, = 0
and the following possible values:

(SlL,SQL) = (—1,0) or (0, —1) . (2.14)
Then we get
n  mR 2
A@%:<E+a,—ML+hO. (2.15)

Remarkably, the mass square is a perfect square which indicates that the state is still
supersymmetric despite the presence of the magnetic fields. It is worth noting that in the
case By # By, M? is not a perfect square. Moreover, the state can become tachyonic above
some critical magnetic field.

Assume for definiteness B > 0, m,n > 0. Taking into account the fact that mRB < 1
and (J1 + J3) < Ng = mn, one can see that % — B(J1 + J2) > 0 and therefore eq. (2.19)
can be written as
%W+%—BM+k). (2.16)

This form will be suitable for comparison with the energy of classical strings.

Mpps =

The effect of the magnetic field on a quantum state with spin aligned with the mag-
netic field is to reduce its energy. The maximum reduction is attained for the state with
maximum spin S1g + Sor = Ngr + 1 and l; 2r = 0, so that J; + Jo = Ng = nm. For this
state

Mpps = = +-——Bm@. (2.17)

(2.18)



Assuming that R is of the same order of magnitude as o/, this implies that there are states

with very large n and small m which become light (mass of O(R/a/)) at some magnetic
1
Vol

field. Such states have a macroscopic mass = O(n/R) >
fields.

This result can be understood from the periodicity of the spectrum: the full quantum

in the absence of magnetic

string spectrum at BRm — 1 is the same as the spectrum at B = 0, with some relabelling
of the states. In the coordinate system where the metric becomes Minkowski at B = 0,
a given large classical string becomes very light, E' ~ 1/l5, as BRm approaches 1. But
when BRm — 1 the metric approaches the Minkowski metric in another coordinate system
where the polar coordinate is gp’m = @12+ y/mR. The energy (B.1§) then corresponds to
a state with n’ = 0 and orbital angular momentum (see section 2.2).

2.2 Classical BPS solution

There is an exponential number = O(exp(2v/2m/Ng)) of quantum states satisfying the
condition Ng = mn, Ny = 0. A particular class of classical solutions representing a small
subset of these states is given by

_ 7 _ . _ ik1o+iwrT
Z1 =11 = X +iX9 = Ly m

Zy =192 = X3 +iXy = Ly etk2otiwar
i - ;T ’ ? (2.19)

y=mRo+qr .

where 0 < 0 < 27 and m, ki, ko are integer numbers. When ky = ko = 1, these solutions
represent the states with maximum angular momentum having Sip + Sop = Nr + 1.

In section 2.3, we will show that these solutions are indeed supersymmetric. Classically,
the condition () does not appear, since it arises due to normal ordering terms. The
classical string description applies when Ng, JJg > 1 and S1 27, = —1 becomes negligible.

In this subsection we will reproduce the energy (R.I16) of the quantum string states for
the cases of the circular BPS (“chiral”) string (R.19). The Polyakov action is given by

S = —% dad7'< — OatOut + OayOay + r% (8acp1 + Blaay) (aa<p1 + Blaay) (2.20)
o

"Hn% (804()02 + BZaay) (aaQOQ + 32804y)> .

Here the indices a are contracted with the world-sheet metric hos = diag(—1,1). Then
the string equations of motion are automatically satisfied provided

(ko + BamR) = £(wq + Baq) , a=1,2, (2.21)

which follow from the r, equations of motion assuming that both L1, Lo are different from

ZeTro.



In addition, from the Virasoro constraints, we get the following conditions

2
0 =mRq+ Y Li(ke + BamR)(wa + Bag), (2.22)
a=1
2
k2 = m?R? + ¢ + Z L2 ((k‘a + BymR)? + (wq + Baq)2> . (2.23)
a=1

Combining these equations, we find

2 2
K =(mR+q)+ ) L ((ka + BomR) + (w, + Baq)> . (2.24)
a=1
Using (R.21), this gives
k2 = (mR + q)?, (2.25)

where the plus sign holds for the solution with (k, + BgmR) = —(ws + Bagq) (the “Right”
circular string) whereas the minus sign holds for the solution with (k,+BsmR) = (wa+Baq)
(the “Left” circular string).

Now we would like to express the energy in terms of the physical conserved quantum
numbers Jy, Jo and m,n. We have

2 ) 1
FE = - =
/0 dgé(&) O/Ii,

w55 L2
Jo = / do—— = “%(w, + By.q), 2.26
T v R ( q) (2.26)

2 5S 1
= d = — L?B B LB B )
/0 05(0Ty) o <C] + LiB1(w1 + B1q) + L3 Ba(ws + 2Q)>

n
R
Using (2.29) we find
_ m|R

Oc'

E

+ ‘% — B1J1 — BaJa| (2.27)

reproducing exactly the result (R.16) of the quantum string spectrum, upon setting B =
Bs.

As mentioned in the previous subsection, for some parameters, there are states that
have macroscopic features but have microscopic energy. Take for instance a string in the
plane 1 that is Ly = Jy = 0 with m = 1, n large and mRB; = 1 — 1/n, m,n > 0 (inside
the periodicity interval). Choosing k1 = —1 and using (R.21) and (P.26) we get J; = mn
and

mR n mR 1
E:7+E‘1—B1mR|:7+E. (2.28)

The energy is microscopic for R ~ v &' but the string is large in the non compact space:

from (R.24) one finds

! 2 7
2o © [l Jio (2.29)
|k1 + mRBy|  |(mn —mRByJy)|




which gives L? = mn2a’ > o for this state. In a coordinate system ¢} = @1 + y/mR
the string state that has energy (R.2§) corresponds to a small string with orbital angular
momentum in a large orbit.

More generally, for any BPS state one can choose coordinates ¢| = ¢1 — k1y/mR
so that B} = By + k1/(Rm) and the new classical solution is represented by the ansatz
¢ = wiT, therefore k| = 0, with the same J{ = J;, m' = m and zero momentum along y,
i.e. n = 0. It represents a string extended only in the compact dimension ¥, and looking
like a particle on a large cyclotron orbit with radius L; in the non-compact space. In this
solution, instead of a large size we get a large radius of the orbit. This is in agreement
with the periodicity of the spectrum mentioned in section 2.1.1.

Later we will be interested in the case of Dp branes in a background with a RR Fj 9
flux where the full quantum spectrum is not known and it is not clear whether the spectrum

can have any periodicity.

2.3 Supersymmetry

In this section we will prove that the circular strings (R.19) with By = Bs preserve a
fraction 1/4 of the 16 supersymmetries of the background (.1)).
As shown in [f], the background with B = By preserves 16 supersymmetries satisfying
the condition
(1 — F1234)6 = 0, (230)

where I'i934 = I'1I'2I'sI"y and I, are the ten-dimensional Dirac matrices, {I',, I',} = 2g,,,..
As we will see below, I'1234 = 71234 where v, are the Minkowski space Dirac matrices,
{s Wl = 2n.

In type ITA theory, for the circular string (R.19) with winding and momentum we will
find in addition two conditions:

Yos5€ = Fe, Yo5V11E = —€ . (2.31)

The minus or plus sign arise for the Right or Left circular string (they are related to
the signs in k2 = (mR £ ¢)). From these conditions we conclude that the circular string
of section 2.2 preserves 1/4 supersymmetries of the background, leaving four unbroken
supersymmetries. The reduction of 1/4 is due to the presence of two charges, winding
(fundamental string charge) and momentum (the “wave”).

Remarkably, the conditions (R.31) are the same conditions that one obtains in the
By = By = 0 case, so the interaction with the magnetic background does not break
any additional supersymmetry. There is only a reduction by a factor 1/2 because the
background By = Bj itself preserves 1/2 of the 32 supersymmetries of the type IIA theory.

1. A classical string solution is supersymmetric if there exist covariantly constant (Killing)

spinors € such that , @]

e =¢, (2.32)
where I is the k-symmetry matrix [[[§], which in the type ITA theory is given by
1 . 1
= —— X*X""T 71, L == T, 2.33
\/m prY11 H 2[ H ] ( )



and Gog = 0, X"03X"g,,. We begin by using Cartesian coordinates. The matrices T,
must satisfy the Dirac algebra {I',, I',} = 2g,, for the metric (R.1), which in Cartesian

coordinates becomes,

ds? = —dt* + da? + (1 + Bi (27 + 23) + B3(23 + xi))dx% + da? + da3 + da? + da?
+ 2B1z1dasdas — 2B1xodxidas 4+ 2Bsxsdrgdas — 2Bsxqdasdas

(2.34)
where ¢ = 6,...,9. The Dirac matrices are given by
Ly=9u, n#5, (2.35)
U5 =5 + Bi(z172 — 22m1) + Ba(#371 — 2473) -
Consider the solution (2.19) (¢t = Xo, y = X5)
Xg=kT, X5 =mRo + qT,
X, =1 COS(/ﬁO’ + u)lT) , Xo=14 sin(kla + wlT) R (2.36)

X3 = Lo cos(kyo + wer), X4 = Losin(keo + wort) .

We now consider eq. (R.33). Making use of the results of the previous subsection 2.2,
the determinant of the induced metric can be written as

2
V= det Gag = m?R? + 3 L2 (ko + mRB,)" . (2.37)
a=1
and
X“X/VPMV = —kkixol'o1 + kk121 02 — kkoxalo3 + Kkoxs'os + km R o5
+ (21025 — 29T15) (wimR — k1q) + (23745 — 24T35) (wamR — kagq) .
2
= kmRyos5 + Z T2a-1 {%(ka + mRB,)Y02q + (wgmR — kaQ)W2a5} (2.38)

a=1

2
- Z x2a{’£(k3a + mRBa)’YO 2a—1 T (WamR - kaQ)'YQafl 5} .
a=1

Hence, the supersymmetry condition (R.33) becomes

2
<A’YO5 - Z € 29q—i { Pa02a—5 + Qa’YQa—j5}>’Yll€ =e, i,j=0,1, (2.39)

a=1
where €% is the complete antisymmetric Levi-Civita symbol, with ¢*! = 1 and

kmR _ K(ka + mRB,) wemR — kqq

A = 5 P = 5 = . 240
v/~ detGop C /[ detGup Qe V/—det Gop (2:40)
If we chose a constant spinor, £ = ¢q, eq. (.39) implies
Avosm1€0 = €0, (2.41)
(Pa’yOb—i-Qa’ybg))’yué‘o =0, a=1,2, b=1,...,4. (2.42)



The first equation will leave half of the supersymmetries of the background if, and only
if, A = £+1. Multiplying the second condition by 75 from the left we end up with

(Pavos — Qa)y1160 = 0, (2.43)

which requires P, = +),. The classical string solution must therefore satisfy the conditions

2
wmR = m*R? + Z L2 (kq + BamR)2 ;
a=1

k(ke + mRB,) = £(wamR — kaq), a=1,2.

(2.44)

From the constraints (B-2]]) and (R.24) one can easily see that these conditions are indeed
satisfied. Thus we have two conditions on the Killing spinors:

Y0580 = FEo Y057Y11€0 = —€0, (2.45)

as anticipated above, showing that the classical string solution preserves 1/4 of the 16
supersymmetries of the By = By background. Note that conditions (R.44) are also satisfied
if the string rotates only on one plane, i.e. Ly =0, wy = kg = 0.

2. It is instructive to repeat the previous derivation in polar coordinates. For simplicity,
here we will consider a string rotating only in the plane 12,

t=kr, T =19, @1=WwWT+ko, y=qT+mRo, (2.46)

and the remaining coordinates equal to zero.

The relevant I' matrices are found to be
Fo=%, Ty=rom, Ty=95+1r0B7, (2.47)
in fact {Ty, Iy} = 2r3, {Ty, Ty} =2r2B, {T,,T,} = 2(1 + r3B?).
We get the condition
(roPryoy: + Avoys + roQ17175) Y11 = €, (2.48)
where Pi, Q1, A were given in (2.40), (.37), now with (L1, La) = (r9,0). This leads to the

same conditions (R.49) as in the previous derivation.

3. Magnetic field from Kaluza-Klein reduction from B,

3.1 The quantum string spectrum

The model is obtained by a T-dual transformation in the y direction from the previous

model (R.1]). We recall the standard rules of T-duality [[]]:

2¢ B
20/ _ € 1 _ Gyu o Byp
' =— B, =" g =Y (3.1)

/ -1
Gyy = Gyy >
v v Iyy Gyy Iyy

,10,



We get (dropping “primes”)

ds? = —dt?2 + dwi + dr% + dr% + r%dgp% + r%dgp% + A <dy2 — (Blr%dgpl + Bgrgdg@f) ,

e2@=%0) = A1 By = AY(Byrider + Baradgs) A dy,
A =1+ B??+ B2r3 .
(3.2)
It represents an exact solution of string theory to all o’ orders (being related by T-duality
to a flat spacetime).
The string spectrum is obtained from the spectrum of the previous model by exchang-
ing m and n and R — o'/R. Thus

n2

R2
— 20/ Bi 2 (Jip — JiL) — 20/ Bot (Jog — Jor.)
R R :

R 2
o/ M? = 2(NL +NR) + o (m - Bi1J; —BQJ2> +

Oé,

(3.3)
Nrp— N, =mn .

Now the spectrum is periodic in the parameters ;2 = o BLQ% with period 1.

The state dual to (R.6) has zero winding m = 0 and n = 1 and becomes tachyonic for
By — By > 1/(2R). Note that this is a Kaluza-Klein state of the supergravity multiplet.
This tachyon was studied in [

Consider the supersymmetric model By = By = B. The BPS states have similar
quantum numbers as in the previous T-dual case:

NLZO, NR:mn, (SlL,SQL) :(—170) or (0,—1), (3.4)
and mass given by (cf. eq. (R.16))

mR
O/

— B(J1 + )| . (3.5)

n
Mpps = ‘}—%‘ —i—‘

B is now restricted to be in the interval 0 < o/ B% < 1, outside which the spectrum is
repeated periodically. For the states with maximum spin S1r+S2r = Ng+1 and l; 2r =0
we get

n mR
Mpps = ‘E‘ +' - —Bnm' , (3.6)

The minimum mass is achieved for o/ 7B — 1, where the mass becomes
n
Mpps — H . 3.7
BPS I (3.7)

The macroscopic strings becoming light are now strings with large m and small n. We will
see that their size is much greater than the string length vo'.

— 11 —



3.2 Classical solution for the BPS string using Polyakov formalism

We consider a string rotating on one plane 12 only, and set 72 = w9 = 0. The Polyakov
action becomes

1
S = Dy /dea L, (3.8)
with
1 2 22 02 1 222 42y .2 2 2Byt (., ’
L= bW, <—t +ri—m +TB%T%<T1(@1—@1 )+y —y +1—i—73%r% 1y —ey) s
(3.9)

where & = 22 and 2/ = 2,
or do

The ansatz for the circular string is:
t=k, fM=r1=0 > r=r, ¢pr=w, ¢y=Fk, §g=q, ¥ =mR. (3.10)

The equation of motion for 1, y are automatically satisfied and the equation for ry gives

oL

a_r% =0 — (w+ BlmR)2 = (k+ B1q)2 . (3.11)

r1="o

The conserved (quantized) momenta are

oL 2
oJp=—= ri(]”(w + BimR),
Ow 14 Bir§
oL B2 (3.12)
XL 17
—=—=q—-—5—5(k+B
S ik ey s U
giving
row = o/ Ji (1 + Birg) — Bir§mR, 13
q:o/%(1+B%r8)—|—rSBlkz . .
From the Virasoro constraint, we have T(Q]wk 4+ gmR = 0, which becomes
Jik+nm =0, (3.14)
we get
2,2 2
2 2 2 2 p2 n-rg 2 2 _ 1 BiJi\ o J1
q° +row :mR<1+ﬁJ—%>D, D:r_g[31<1_a/mR ro—a'ﬁ ,
2p2 | 272 2 2 n® rg
m°R* +rgk® =m"R <1—|———> .
R2 J?
(3.15)
The remaining Virasoro constraint gives the energy, which takes the form
K2 1 m2R? n? r?
E? =" = 14+ —-2) (1+D?. 3.16
o* 1+ Birg o? ( +R2J12>( 0% (8.16)
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From the equations (B.11]), (B.12) we get

J? 1 ,one  n? (mR >
a_ - (g = B—>:— — — By, 3.17
re o ( “P1R R2 \ o' Jy ! (3.17)

which gives 7 in terms of the (quantized) quantum numbers and B; (compare with (2.29)):

/ J 2
Tg = . | /171‘ T Tn mRJl (318)
ki =g Bi| [R5 = B
Substituting this value we get
n mR
E= H — ByJ 3.19
R + ‘ o 1J1 ( )

This reproduces exactly the energy formula (B.5) of the quantum string spectrum for Jo = 0.

3.3 Classical solution for the BPS string using Nambu-Goto formalism

Since we will be later interested in studying Dp branes, whose dynamics is governed by the
Dirac-Born-Infeld (DBI) action, it is useful to reproduce the previous result in the Nambu-
Goto formalism. We will see that the equations that we find for the Dp brane analog of the
rotating circular BPS string are a simple generalization of the treatment described below.

The Nambu-Goto Lagrangian is given by

1 1
L = J\/ —det Gaﬁ + JBMVEaﬁaaX“aﬁXV s Gaﬁ = g,ul/aaXuaﬁXy s (320)

where o, 3 = 0o, 7.
We will work in the gauge G, = 0. By taking the same anstatz as in section 3.2 with
r1 =19 and 7o = 0 (i.e. the string rotating in one plane one only) we get

1 B
L=—% \/(%2/\ —q% — r2w?)(rgk? + m2R?) + ﬁr%(wm}% —qk), (3.21)

with A =1+ B%r%. The energy, angular momentum J; in the plane r1, 1 and the linear

momentum in y are obtained by

p oL _1 rék? +m?R?
ok o AU

- oL _ rdw  [rgk? +m2R2 N Blrng’ (3.22)
Oow o'k A-U o’'A
n 0L q r2k2 +m2R2  Byrik
R  0q  oEkA A-U oA’
where ) 5 5
U= H% (3.23)
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The constraint equation G, = 0 becomes
kJi +nm=0. (3.24)

The equations (B.29) can be combined giving

U 1 o/ B1Jh o/ 1 1? 2
S B - - D 3.25
AU g[lr0< mR > mR ’ (3:25)
or 9
D
A 2
v 1+ D2 (3:26)

Note that D? is the same quantity seen in the previous subsection eq. (B-1§). The energy
square of the state becomes the same expression eq. (B.16), which we now write exhibiting
the explicit g dependence.

7"
E? = meR2 1+ 14| Brg - BNy ol 2 (3.27)
o2 1+B2 g r% mR mRrS‘ ' '

The Hamiltonian that arises after the gauge choice Xy = k7 is (after substituting for ¢, w
their expressions in terms of %,.J1 )

n dy Jp1
H(n/R,J =——+J1——-L= Jiw—1L. 3.28
(n/R, Ji,70) 7. Ta, R(H- 1w (3.28)
Due to - scaling invariance of the Lagrangian we have H = —FE. Therefore the equation

for rq is 2 a = 0 and this is seen to give the same eq. (B.17) as in the previous subsection.

Therefore
mR

(3.29)

n
E=|%]+
R
In this way we recover the result (B.19) found by using the Polyakov formalism.
The classical description reproduces the energy of the quantum string spectrum for

large quantum numbers also in non-supersymmetric configurations. As an example, in the
appendix we compute the classical energy of a rotating folded string.

4. Dp-branes interacting with a magnetic RR flux
We consider the S-dual background to (B.9), which is given by

ds? = Az (- dt* + dz? + dr} + dr3 + ridp? + r2dgp2)

1
+ A2 (dy — (Blr%dtm + BQTQd@Z) ) )
e2(¢—¢0) _ A,

Ay = 67¢°A71(Blr%dg01 + Bgrgdgpg) ANdy .

where A = 1+ B2r? + B2r3. This represents a solution to the classical string equations
to the leading order in o’ . This background contains a flux which couples to a D string.
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In order to obtain magnetic flux backgrounds for the Dp brane, we perform T-duality
transformations on x5 coordinates. Using the usual rules (given in [20]) one finds

ds? = Az (- dt* + dz? 4 dr? + dr3 + r2de? + r%dgpg)

+ A3 (dyf + ...+ dy,% — (Byrider + Bar3des)?)
e2(@=%0) = \3/2-p/2

Ap+1 = 67¢0A71(B1T%dg01 + BQT‘%dQDQ) ANdyy Ndya A ... A dyp .

Here s=p+5,...,9.

For simplicity, here we consider a Dp-brane with p > 1 which rotates only on the 12
plane, lying at ro = 0. In this case the dependence on By disappears. The projection of
this Dp brane on the plane 12 describes a circle with radius 71 = r9. The Dp brane also
moves and winds on a p—dimensional torus in the compact space. The compact coordinates
y; have periodicity y; ~ y; + 27 R;, ¢t = 1,--- ,p. It is convenient to formally describe the
trajectory in the non-compact space r1, 1 in terms of another circular coordinate yg = rgp1
such that yg ~ yo + 277rg.

The Dp brane action is given by

(Qi)p /dT l]f[1 /0 Yo L, (4.3)

where for this (ro = 0) Dp brane the Lagrangian L becomes

B
L = pipe=4=%) /= det Gop + %rl det M, (4.4)
where
!
SARVEEE
gs = €¢0,

Il = Vo . (4.5)

Here o, =0,1,--- ,p and

dXH*dXV
Gap = G——"—1, 4.6
6= Iu dsq dsg (46)
with dso = (d1,doy,- -+ ,doy,) and
dys
M,;=298 47
ds. (4.7)

with yg = (yo,y1,- - ,yp). Note the dimension [B;] = [1/R].

We take the ansatz:
X'=kr, ri=ro, 12=0, pr=wrt+koi, yi=qT+mgo;. (4.8)

Using our compact notation, we write yo = qo7 + mo;0; with go = row and mg; = rok;.

Note that g, = 1, and the momenta are p,, = gTLa'

The constants of motions are:
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o ki;

e the compact windings m;;: m;; = Rymy; (for y; ~ y; + 21 R;);
e the momenta in the compactified directions p,, = % = quﬁ
e the angular momentum J; = g—i corresponding to the “momentum” p,, = ;«]_; = g—qLO.
Note that k;, m;;, Ji, n; are integer numbers.
We take the gauge
dXH dXH
Goj — =0 j=1,---,p. 4.9
=9 o s p (4.9)
. . P - . . ddet(M) -~
This can be rewritten as ) gamaj = 0 for each j = 1,--- ,p. Since 50— Maj = 0 for

a=0
j=1,---,pand HdetC detG ~ (q, this implies

p

ma] Zpyamaj Jlk + anmz] 0 ] == 1, e, P (410)
a= 0 i=1

Another consequence is that the product of the matrix M times its transpose, i.e. M - M7,
is block-diagonal and one gets det(M) = g+/det(G;;) with ¢ = /D" _,¢2. Also, note that
GOO = I<L2A — q2.

Therefore we can rewrite the Lagrangian in this gauge as:

det(Gij) . (4.11)

_Hp Jo2n — g2 .y MpBiro
L= L2 J(n2 - @2) det(Gig) + 210

Consider now, for fixed G;j, the vector ¢ whose components are the dynamical variables

Go = Yo- We note that L is invariant under rotations of ¢. Therefore we can take a frame

where ¢= (¢,0,---,0) getting

0L -4 . HMpBiro )
=90~ JEn g A VG TR detGy), (412)

from which it follows that

2
2 2 2 P (o P2
q2 A D . D= A V(i /ro)® + 307 (ni/Ri) _Biro | . (4.13)
K 1 + D Mp det(Gij)

By using the relations (4.10)) one verifies the following identity:

V(1 /r0)2+ (n/R)* _ Ji/ro
det(Gij) om

5 m = det(?’hij) s (414)
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We fix r;1 = ry by requiring g—g = 0 where H is the Hamiltonian. This Hamiltonian
describing the dynamics of the space coordinates at fixed k is obtained by substituting for
g, w their expressions in terms of 7, J; in the general formula

P
n; ni 0y dp ni
H(—,J :g—— J——L:E—- Jiw—1L . 4.15
(R@" 177”0) - R 7-+ 15, ' Riqz-i- 1w ( )
Due to 7-scaling invariance of the Lagrangian we have H = —F, where the energy of the
state is
oL det(Gi;) \/det(Gi )(1+ D2?)
F=—= Ty = J 416
kPl AC q* /K> Hp A ( )
2 7"2
5 1+%J_%< [31(1 B1Jy J1 r>
= UM\ ——5 & —(1——)—— .
P 1+ B2r} r ppt” ppmrg

In the last step we have used the definitions and the identities ([.13) and ({.14).

From now on, the calculation follows identical steps as in section 3.3. We find rg by the

equation %—f; = 0. This gives again
0
J2
2 1
2= ) 4.17
O Klmp, — Bi| (4.17)
Substituting this value into the above expression for F we get
n P n2
E = E-ﬁ- mup—B1J1| = ;R_%+|R1'R2"'Rp det(mij),up—BlJl‘ . (4.18)

In terms of the tension of the Dp brane 7, = u1,,/(27)? and the volume of the torus 7% this

becomes
p n2
E=,Y iR |7 VOl(T?) m — By.Ji] (4.19)
i=1 "t
where )

is the winding number of the Dp brane around the 7P-torus. Note that the term 7, x
Vol(TP) x m is the expected contribution to the energy of the form tension x volume X
winding. This term is O(1/gs).

Thus we find that the energy has the same form as the energy (B.19) of the circular BPS
string (in the particular case Jo = 0). This Dp brane solution is also supersymmetric as it
is related by dualities to the circular BPS string. In the particular p =2 and B; = B, =0
case, it agrees with the energy formula for the analogous membrane BPS solution found

in 1], T (see eq. (2.42) in [R).
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Let us now consider some physical implications of the energy formula. We take R; ~ [,.
In the absence of magnetic fields and assuming gs < 1 the energy of the brane is essentially
given by the winding contribution

1 1
m> — . (4.21)

E ~
gsls lS

Similarly to the case of the string, we find that there are Dp branes which become light
when the magnetic flux gets to some value, BiJ; ~ 7,Vol(T?)m. These are states with
large m, and with n; of order 1. The energy becomes

(4.22)

Strikingly, these Dp branes become macroscopic since ro (and in fact the proper distance)
goes to infinity when B; approaches 7,Vol(T?)m/Jy (see eq. ([L:17)). In the absence of
magnetic fields they have size rg ~ %ZS\/g_S, which is typically small in the perturbative
regime, but it may be large by a suitable choice of quantum numbers (satisfying of course
the constraint ({.10)).

In the case of the model (R.1), the physical string spectrum is periodic in the magnetic
field parameters. A very interesting open question is whether the full quantum spectrum

of Dp brane states in the background ([£3) could also have some analogous periodicity.

5. Discussion

To summarize, we have computed the energy of Dp branes in the presence of magnetic
RR flux backgrounds and identified a family of BPS rotating Dp brane solutions which are
invariant under four supersymmetry transformations. There are some potentially interest-
ing applications. Since the solutions are BPS, the mass formula should be protected from
quantum string theory corrections and therefore it should be possible to extrapolate it to
strong coupling, where the gravitational field of the brane becomes important and these
branes could become black holes, analogous to the black holes of [2J], but moving in mag-
netic fields. Also, it may be possible to construct the Dp brane supergravity solution with
the addition of the magnetic RR F, 15 flux by starting with a Dp’ brane background, adding
magnetic parameters as in section 2 and perform several dualities, providing a model for
AdS/CFT correspondence which might exhibit some interesting effects.

We have seen that there are macroscopic string and Dp brane states which become
light for some values of the magnetic field parameters Bj, Bs. In general, the presence of
many light classical macroscopic states in a non-supersymmetric background could be a
sign of potential instabilities. In the non-supersymmetric case, the quantum spectrum is
known [J, ] to contain tachyons in some range of the parameters By, B, R (see section 2).
Such instabilities in principle can arise both from string modes or from supergravity modes.
In the first case, like the model of section 2.1, where tachyons arise in the winding sector,
the supergravity background is classically stable, but the string theory is unstable in some
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range of the parameters. In the second case, like the model of section 3.1, the supergravity
background itself is classically unstable (which allows a study of tachyon instabilities in a
field theory setting [f]).

From the quantum spectrum (B.J) (see also appendix A), it can be seen that, when
By # Bs, even states with N;, = 0, Ng = mn can become tachyonic (when B; = By the
mass squared of these states is manifestly positive definite). The energy of the correspond-
ing classical solutions never becomes imaginary because, from the Virasoro constraint, £?
is proportional to (XZXJ + Xi/Xj/)gij > 0 where g;; is the spatial part of the metric. The
classical string may become light, but not tachyonic.

Since the presence of fluxes in string-theory backgrounds are important for moduli
stabilization, a very interesting question is whether instabilities could also arise for non-
supersymmetric flux compactification models in some range of the parameters. If this is
the case, this effect could constraint the number of stable vacua. A study in this direction
was done in [24], looking for instabilities of the supergravity background.

The reduction of the energy of a state originates due to the standard gyromagnetic
interaction. This effect is universal and it is present for any quantum state with spin that
moves in a magnetic field. In string theory, the effect can be stronger due to the existence
of states with arbitrarily large values of the spin, for which the negative gyromagnetic
coupling can be important even for weak magnetic fields (for example, there are magnetic
string models which become unstable for infinitesimal values of the magnetic field, see
section 6 in [fJ]). For strong magnetic fields, one needs to take into account O(B?) effects
where gravity gets into the game. Finding the full quantum spectrum in this case is in
general highly complicated, but we have seen that the energy of quantum states with large
spin can be obtained with a good accuracy by studying the classical dynamics. In non-
supersymmetric backgrounds, this may signal potential instabilities by the presence of light

states with large spin.
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A. Quantum spectrum

Let us review the main points of the string quantization in the background (R.1]). We refer
to [[] for more details. The coordinate y satisfies the free equation 9,0_y = 0. Write
y = g1 + mRo + ', where ' is single-valued and define 71 9 = By omR, taking 0 < ~; < 1.
Introducing complex coordinates in the planes 1,2: Z15 = X1 + 1Y 0 = T1’26i<p/1’2 with
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©12 = @12+ B12y, one gets Z; = Zir(7 + 0) + Z;(T — o) where

2 . > . .
\/ JZiR(s) = ja;0e""® + 1 Z ai,kel(k‘*ms -+ ai,,kel(*k%ﬂ)s ) (A1)

k=1

Zir,(s) has the same expression with a;; — a;; and k+~; — k—-;, and similarly Z = X; —
iY; in terms of aj (R part) and a (L part). Note that Z;g (0 = 27) = €™ Z;p (0 =
0).

One then introduces annihilation and creation operators by b;y = «/%am’ b;-ro

\/ Hrajy and
[k+7i [k+7i . k=i . k—i
bi— = 5 Zai7k, b;rk_z 5 Zai7k, bik+ = 5 Zai7_k, b;.rk+z 5 Za,~7_k,

such that [bx, b} w+) = 0ijOkp and similarly for the Left part. A similar construction holds

for the fermionic coordinates. Here we will consider as an example the NS sector. In this
case, the integer k is replaced by a half-integer number and therefore there is no fermionic
zero mode.

The angular momentum in the plane i is J; = J;g + J;p, with

1
Jir = —1 (k‘ + i) (@i ain + airagy) + J;ﬁ%

1
= _biObiO - 5 + Z(b;'rk+bik+ - b;'rk_bik—) + Jiﬁ?’
k>1
1 . *
Jir, = 71 Z(k‘ — i) (g ik + aipazy) + Jz‘wL
k
-1 o s 4
= Blobio + 5 + D (Bl biss — Bly_bin-) + T
k>1

where Jgﬁ% ;, are the contributions of the fermionic coordinates in the plane 7. Note that there
is no fermionic analog of b;-robio—i—%. The momentum in the y direction is }% = q+B1J1+B>.Js.
One sees that

AN .
D ( : %) (afpass + amal) + 2N = 2Ng — 3 2vidin
) k )
k=)
>N ( 5 > (@i + aindj) + 2N, = 2Np + > 29iJir,
) k

i

where Ny, ; represent the contributions of the other coordinates and of the NS fermions
before normal ordering, and Ng ;, are the usual flat spacetime number operators including
the contribution of every coordinate and of the NS fermions: Ngj =: Ng : —1/2. The
GSO projection implies Ng 1, > 0. From this we get

(mR)?

n
; +a'(_ — B1J; —BQJQ) +2 NR +NL 2271 iR — ) (Az)

/M2:
@ R

Q
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where Jir 1, = Sir,r F (g, +1/2) and l;r = b;robio, lir, = l;;[ol;io, representing the contri-
butions of the Landau Levels in the plane 7. Note the bounds

lir,, >0, |Sir,r £ Sorr| < Npp +1. (A.3)

The bound for S;r 1 can be saturated if in the plane 1 or 2 the fermionic modes 1/2+ or
1/2— are excited (and no other fermionic modes) plus possibly the modes 14 or 1— (and
no other bosonic modes). From ([A:J) one can see that

mR)? n 2 ;
CWMQ > ( O/) +a,<§_B1J1_B2J2> +2(NR+NL)<1_Z%>

—(v1 —72)(S1ir — S2r — SiL + Sar) (A.4)

Therefore M? > 0 for v; = 79, i.e. when By = Bo.
In general for By # Bs there can be tachyons. In particular, consider the case By = 0.
Eq. (A.2) can be written as

(mR)? o
+
of (mR)
+2v; (llL +lhpr+ 1) — 27 (SlR — SlL) (A5)

o’ M? =

5(mn —71(Sir + 511))% + 2(Ng + Np)

From ([A-3) one have |Sig | < Ngyr + 1. Take, for example, n = 0, m = 1, R? = o/,

Nr=Np =0, iy =lir=0, Sir =1, Sip = —1. We get
odM?=1-2y, <0, for 1/2<y1 < 1.

Another interesting tachyonic state, appearing at By # By in a certain range of the
parameters, is a state with Ny = 0. We take Ng = nm, N =0, [y, = lir =0, Sig =
nm+ 1, Si, = —1, Sogr = 0, Sor, = 0, obtaining

oM — <mR Van

Vo TR

It follows that M? can be negative only if

2
1 —m) 21— ). (4.6)

mR

B, —B .
(B 2)>2o/

Setting, for instance, m =1,y =1—1/ng, Bo =0, R = Vo, one finds that M? becomes

negative for ng > 1+n+/(n+1)2 + n.

Note the difference with the true BPS case which occurs for By = By, where M?
in ([A-§) becomes a perfect square.

B. Rotating folded string

Another class of widely studied quantum string states represents strings which are folded

and rotate in the non-compact plane r1, ;. In addition, we will consider the case when it
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is wrapped in the compact dimension y with winding m > 0 and zero momentum n. The

corresponding ansatz is
t=kr, r=r(), pr=wr, y=mRo, (B.1)

and 1y = @9 = 0. We will consider this string in the model (B.J). It corresponds to a
quantum state with

which gives

R 2
CWM2 = 4N—|— al <’n;// — B1J1> s (B3)

where we assume By > 0. We will now show that the classical energy of the solution (B.1)
reproduces this formula.
The Nambu-Goto Action is S = % [ drdo L where the Lagrangian L is

1 BlT’%
L= m\/(KQA — r{w?)((dry/do)?A + m?R?) + ﬂme . (B.4)
We can formally consider o to play the role of “time” and solve for r1(o) by using the
Hamiltonian formalism, where we define a “conjugate momentum” and the “Hamiltonian”
by
/ aL 1 d’l“l

— _ H =—p——1L. B.5
p(O') « 8(dr1/da) ) (pa’rl) o D do ( )
We call for short:
k% + (K2B? — w?)r? m?R?
= =——— A=-d H : B.6
f B T Ee oCHpn). (B

The important point is that A is constant. We find

2 (d’f'l/dO')2
P = (drq/do)? —i—gf’

fg? Bir?mR (B.7)
_JI  Sf_p2)g= A 2L
(drl/da)2—|—g (f p)g 1—|—B%T‘%w’
giving
Bir?mR 2
dri Y fg—(A—ljré%r%w) B8
% kS (A_Blr%mR )2 ) ( )
11527 Y
Bir?mR 2 . . . .
Therefore fg — (A — T777w)” > 0, which is satisfied if
1'1
202 R2 _ A2
<r?<ie? 2 = 2T : B.
O—Tl—TMa "M (me—AB1)2 ( 9)
Note that (B.4) holds for arbitrary r; and therefore it implies that
A>0, A—Byri(mRw— AB;) >0, (B.10)
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so that

_ A — Bir?(mRw — AB) (B.11)

— Bqr?
1 |mRw — ABi|

‘me — AB;

Some useful formulae, following from rewriting what said above, are:

1 Bir?mRw \? |mRw — ABi|
=y/f-=-(A-=—1 = \/r3, —r? B.12
\/f g < 1+ B¥r? > mR "M ( )
mR [r2 — 2
dr _ meo (B.13)

do

T :
|me—ABl - BN“%I

The energy of the state is

1 L
E = 8
_ drl/da (B.14)
2l ’
_ d7“1 1
N 27T0z da P
o /TM d’l“l
770/ |me — AB1| 0 /T%d — 2
S L (B.15)

o ImRw — AB;|

Here we have used (B.13) with the 4 sign when r grows from 0 to r3; and we have assumed
that the string is folded n times; a factor 4 appears because for n = 1 any point 71 of the
string is obtained 4 times as ¢ goes from 0 to 2.

We have still to require, using (B.13) and (B.11]),

2 4 ™ | A— Byr} — AB
o :/ = R Y W e
mitw —
0 Ho mR\[ri — (B.16)
2mn A r2
_ — B M
[|me—ABl| 7179 } ’

where € = sign(mRw — AB;). The formula (B.16) together with (B.9) gives

kZm?2R2 9 A2 9 mR 317"12\/[ 2
= = - B.17
(mRw — ABq)? Tt (mRw — ABq)? v ( n T > ’ ( )
and therefore
n mR Blrﬁ 2

,23,



Finally, one can express TJZ\/[ in terms of the angular momentum Ji:

1 oL 1 —wr?  |(dri/do)2+g  BymRr}
J=— [do== = d L 1 B.19
Yoo /Y00 T 2na / 7 (1 + B?r? f 1+ B#r? ( )
4n, /er —wr%mR—i—Blr% (A—Blr%(me—ABl))
= 7’1
2na/|mRw — ABy| Jo (1+B%r%) 7,%/[ —r%
n
B 620/r%4
Thus
mR 2
o E% =2n|Ji| + o (—, — BlJ1> , (B.20)
«

in agreement with (B.3).
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